STEP MAtHSs I 1987

1 Find the stationary points of the function f given by
f(x) = " cos bx, (@a>0,b>0).

Show that the values of f at the stationary points with x > 0 form a geometric progression
with common ratio —e*™'”.

Give a rough sketch of the graph of f.

The region 4 between concentric circles of radii R + r, R — r contains n circles of radius r.
Each circle of radius r touches both of the larger circles as well as its two neighbours of radius
r, as shown in the figure. Find the relationship which must hold between n, R and r.

Show that Y, the total area of A outside the circles of radius r and adjacent to the circle of
radius R — r, is given by

Y= m‘s,.Fr':-Rz o -'2] —a(R — r}2 — nar® (% — :_z)

Find similar expressions for X, the total area of 4 outside the circles of radius r and adjacent to
the circle of radius R + r, and for Z, the total area inside the circles of radius r.

What value does (X + Y)/Z approach when n becomes large?

3 By substituting y(x) = x v(x) in the differential equation

de_U + IEL‘ = —1 i xlnz »
dx (1 +xHv
or otherwise, find the solution v(x) that satisfies v = 1 when x = 1.

What value does this solution approach when x becomes large?
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4 Show that the sum of the infinite series
log,e — loge + log,ee — ... + (= 1)" loggrc + ...
18
I a
In(2,/2)

[log,b = ¢ is equivalent to a“ = b|]

5 Using the substitution x = acos’ B + Bsin’ §, show that, if o < B,

r l dx
u\/{x —D'.'}l:ﬁ - x]

What is the value of the above integral if & > 7
Show also that, if 0 < o < §,

w

1
i S
Ifo(x—a}(s—x} " B

6 Let y = f(x), (0 < x < a), be a continuous curve lying in the first quadrant and passing
through the origin. Suppose that, for each non-negative value of y with 0 < y < f(a), there is
exactly one value of x such that f(x) = y; thus we may write x = g(»), for a suitable function g.
For0 < s <a,0 <1< f(a), define

Fo =[x, 60 - [[e0rs.
0 0
By a geometrical argument, show that

F(s) + G(f) > st. (%)
When does equality occur in (#)?

Suppose that y = sin x and that the ranges of x, y, s,  are restricted to 0 € x € 5 € 37,
0 < y <t < 1. By considering s such that equality holds in (+), show that

)
j sin~'ydy = ¢sin (1) — (1 — cos(sin "' 7).
0

Check this result by differentiating both sides with respect to 1.
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7 Sum each of the series

sin 2_17 + sin 61 + sin & + + sin & + sin 42—-—"
23 23 23 o 23 23
and
sin i — sin| = + sin m—" — — sin & + sin ﬁ
23 23 23 23 23)°

giving each answer in terms of the tangent of a single angle.
[No credit will be given for a numerical answer obtained purely by use of a calculator.]

' o | :
8 Explain why the use of the substitution x = < does not demonstrate that the integrals

1 | 1 _42
J‘ ——dx and J _dt
(1 + x%)? (1 + 192

Evaluate both integrals correctly.

are equal.

9 ABCis a triangle whose vertices have position vectors a, b, ¢ respectively, relative to an origin
in the plane ABC. Show that an arbitrary point P on the segment 4B has position vector

pa + ab,
wherep 20, 020 and p+o=1
Give a similar expression for an arbitrary point on the segment PC, and deduce that any point
inside ABC has position vector
Aa + pb + ve,

where A 20, w20, v20 and A+p+v=1
Sketch the region of the plane in which the point Aa + ub + vc lies in each of the following
cases:

WA+p+rv=-—1,

A<,
(i) At+p+rv=1 »=<0

3
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10 A rubber band of length 27 and modulus of elasticity A encircles a smooth cylinder of unit
radius, whose axis is horizontal. A particle of mass m is attached to the lowest point of the
band, and hangs in equilibrium at a distance x below the axis of the cylinder. Obtain an
expression in terms of x for the stretched length of the band in equilibrium.

What 1s the value of A if x = 27

11 A smooth sphere of radius r stands fixed on a horizontal floor. A particle of mass m is
displaced gently from equilibrium on top of the sphere. Find the angle its velocity makes with
the horizontal when it loses contact with the sphere during the subsequent motion.

By energy considerations, or otherwise, find the vertical component of the momentum of the
particle as it strikes the floor.

12 --

e B

[ 3 ———

-

24— T

=

I
I

A particle is placed at the edge of the top step of a flight of steps. Each step is of width 2d and
height h. The particle is kicked horizontally perpendicular to the edge of the top step (see
figure). On its first and second bounces it lands exactly in the middle of each of the first and
second steps down from the top. Find the coeflicient of restitution between the particle and the
steps.

Determine whether it is possible for the particle to continue bouncing down the steps, hitting
the middle of each successive step.
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13

14

15

16

A particle of mass m moves along the x-axis. At time 7 = 0 it passes through x = 0 with
velocity t, > 0. The particle is acted on by a force F(x), directed along the x-axis and measured

in the direction of positive x, which is given by

—mp’x (x =0),

F(x) = 4
— K — (x < 0),

dr

where u and « are positive constants. Obtain the particle’s subsequent position as a function of
time, and give a rough sketch of the x-r graph.

Section C: Probability and Statistics

A, B and C play a table tennis tournament. The winner of the tournament will be the first
person to win two games in a row. In any game, whoever is not playing acts as referee, and
each player has equal chance of winning the game. The first game of the tournament is played
between A and B, with C as referee. Thereafter, if the tournament is still undecided at the end
of any game, the winner and referee of that game play the next game. The tournament is
recorded by listing in order the winners of each game, so that, for example, ACC records a
three-game tournament won by C, the first game having been won by A. Determine which of
the following sequences of letters could be the record of a complete tournament, giving brief
reasons for your answers:

(@) ACB,
(b) ABB,

(¢) ACBB.

Find the probability that the tournament is still undecided after 5 games have been played.
Find also the probabilities that each of 4, B and C wins in 5 or fewer games.
Show that the probability that 4 wins eventually is 1—54, and find the corresponding

probabilities for B and C.

A point P is chosen at random (with uniform distribution) on the circle x4+ yz = 1. The
random variable X denotes the distance of P from (1, 0). Find the mean and variance of X"

Find also the probability that X is greater than its mean.

The parliament of Laputa consists of 60 Preservatives and 40 Progressives. Preservatives never
change their mind, always voting the same way on any given issue. Progressives vote at
random on any given issue.

(1) A randomly selected member of parliament is known to have voted the same way twice
on a given issue. Find the probability that the member will vote the same way a third time
on that issue.

(ii) Following a policy change, a proportion & of Preservatives now consistently votes against
Preservative policy. The Preservative leader decides that an election must be called if the
value of o is such that, at any vote on an item of Preservative policy, the chance of a
simple majority would be less than 80%. By making a suitable normal approximation,
estimate the least value of o which will result in an election being called.
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